
rem LetRa: 1R/y + 1/y be Buy15
an irrational rotation.

Then the firstreturn map on [0,9) is

conjugated to R-r, where U =6(2) and

6(x) =I - (I)
*

- bis called the
Garss map.

Ry is a rotation on 10.1 itcan be defined
6:[0,1)(4 +fo,)1

Conjugated?
Co.13 Eve [0.1)

yj - (I)

+1 ↓H
[0.) [0,)

proof of the theorem

Define n =16). Since a isirrational,

so is I, and natants.

Hence, n'-> nx<1.

LetB =1 - nx>0.

Observe also (n+1)x > 1

Claim:If Iis the firstreturn map
I=[0,1) -[0,d),

then
F(x) =[R(x),0x,

Ra(x),x



Proof of claim: If 1xx, then

RY([x]) =[x +nc]
Since xx, then x+nx> B+nx

butB =1 - nx > 0

So x+nc-, +4x =(1
- nx) +nc =1

then x +n) - 47,0

Since xcx, then xtnx < x +nx

-x +1

So x +ux -1 < <

Conclusion: 0 < x +nx - 1<

& R"[x]) =[x +nc -) =(x+nc]=[0,4).
8 I1 o = x<B, then

Ra"([x]) =[x +(n +1)()
Since X >, 0, then

x +(n+1)< >, 0 +(n+1)<20+ 1

Since x-> then x +(n+1)a< +(n+1)/

butB =1 - nx 70

So x +(n +1)a(1 - na) +(n+1)c
21 +2.

Therefore
12x +(n+1)dc1 +d

in conclusion,
0 [x +x +y)x - 1X

2 R"*( x3) =[x+(n +1) - 1]
=(x +(n+1))) =90,4)

A



continuing with the proofof the theorem)

Define H: [0,1) ->70,1) by H(x) =xx

Note that:

R-y(x) = [I
10x 18.

UEx< 1.

Co.13 Eve [0.1)

+1 ↓H
[0,1)- [0,)

F

Itsuffices to prove thatH(R_r(x) =F(H(x)
For all X

-
of this:

&
For 0 x8

,
we wantto prove

H(R.f(x) =F(H(x))

computation:
LHS ==H(x - r +1) =
=a(x - x +1)

=2X - ar+2

=ax - xi - (t))+
=x - 1 +(i)x +c

-xx - 1 +nx +d

=2x - 1 +(n+1)x =ax +(n +1)x - 1



RHS =F(ax), buto =xxxr =x(t - (i))
So xx c1 - nx =B

then F(2x) =xx +(n+1)x- 1

Since IHS = RHS weave done

with the case 1.

Case 2. Exercise For exCI, we want
to prove H(R-v(x) =F(H(x))

⑰

Remark:observe thatif B =1-nd

solve for x?

nx +B =1

x(n +1) =
1

a
=

n -
=

-
n =6()

a
=ing()

Definition ni =L)-

#ercise Prove by induction, ifde0,M
i.edE(0,1)

Then= & x*Q.
n

ne
n +
+na



#
nition Therational number

1 =In
qK nte
...
Merit

Mr

are called the convergents of6.
Exercise:

Theorem
-

as x=N Review this
-

-> me won'tprove this.I↓ a =co,174, and Iben let

a convergentofC. for any fraction such
A wet 0 c n<9r, then

17= x - P=)<(nx - m)
meal:Anare the times for rotations of

o by X, when we getcloser than
wehave ever been.

#ren:(Dirichlet Approximation Theorem)
Letd t/0,1)14. There exists infinitely
many fractions p such that

I

190 - p12q(=) ( - f) -)
Hof Fixan integer , and divide [0,)
into n equal pieces
[0,1) =[0,)r(=iz)u...v(=,!)



LetA =3 [0], R205), ..., RY(90])3
There are noelements ofA.
Since there are nintervals, there exists
two number o In such that
& (303) and Re(203) both belong to the same
interval.

Hence, Ik-ec-P) for some p

of G =K-1, then

1q - p) - 1
auch 1<q = U

Thus 19 - P1 < i=

Exercise:Conclude the Dirichletapprox Theorem


